COCYCLE SUPERRIGIDITY FOR PROFINITE ACTIONS 
OF PROPERTY (T) GROUPS 



ADRIAN IOANA 

Abstract. Consider a free ergodic measure preserving profinite action T r\ X (i.e. an 
inverse limit of actions T rx X n , with X n finite) of a countable property (T) group T 
(more generally of a group T which admits an infinite normal subgroup Tq such that the 
inclusion To C T has relative property (T) and T/To is finitely generated) on a standard 
probability space X. We prove that ifw:TxX^Aisa measurable cocycle with values 
in a countable group A, then w is cohomologous to a cocycle w' which factors through 
the map T x X — > T x X n , for some n. As a corollary, we show that any orbit equivalence 
of r r\ X with any free ergodic measure preserving action A rx Y comes from a (virtual) 
conjugacy of actions. 



§0. Introduction. 

During the past decade, the orbit equivalence theory of measure preserving actions 
of groups has been an extremely active area, with many new rigidity results having 
been proven (see the surveys [Shl],[P4]). In particular, certain classes of group-actions 
r rx A have been shown to be orbit equivalent superrigid, i.e. such that the equivalence 
relation TZr on A of belonging to the same T-orbit (x ~ y iff Fx = Ty) remembers 
both the group F and the action F rx X ([Ful,2],[MShl,2],[Pl,2,3],[Kil,2]). Since all 
ergodic actions F rx X of all infinite amenable groups F induce isomorphic equiva- 
lence relations TZr (up to a probability space isomorphism) ([Dy],[OW],[CFW]), such 
a rigidity phenomenon is very surprising and is characteristic to non-amenable groups 
only. 

The main purpose of this paper is to present a new class of orbit equivalent superrigid 
actions. To explain this in more detail, we first review a few concepts, starting with 
the notion of orbit equivalence. Let r rx X be a free ergodic measure preserving action 
of a countable group T on a standard probability space (A, y) (i.e. isomorphic with 
the unit interval with the Lebesgue measure). Given another such action A rx Y, a 
probability space isomorphism 9 : X —>■ Y is called an orbit equivalence (OE) between 
the actions T rx X and A rx Y, if 6 (Fx) = A9(x), a.e. x G A. If we moreover have 
that 9F9- 1 = A, then 9 is called a conjugacy between r rx X and A rxY. 
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Next, recall that an inclusion of countable groups T C T has relative property (T) of 
Kazhdan-Margulis ([K],[Ma]) if any unitary representation of T which weakly contains 
the trivial representation of V must contain the trivial representation of IV Note that 
for r = To this condition amounts to the property (T) of the group V. Examples of 
relative property (T) inclusions of groups are given by 1? C T x Z 2 , for any non- 
amenable subgroup T of SL2(Z) ([Bu]) and by To C To x Ti, for a property (T) group 
r (e.g. T =SL n (Z), n > 3) and an arbitrary countable group T\. 

Finally, we call a measure preserving action r r\l profinite if it is the inverse limit 
of actions V r> X n , with X n finite probability spaces. For example, given a residually 
finite group T, let G = Jimr/r„ be the profinite completion of Y with respect to 
a descending chain {T n } n of finite index normal subgroups with trivial intersection. 
Then the (Haar) measure preserving action r r\ G is free ergodic and profinite. 

Theorem A (OE superrigidity). Let V be a countable group with an infinite normal 
subgroup T such that the inclusion T C V has relative property (T) and Y /r is a 
finitely generated group. Assume that V rx a X is a free ergodic measure preserving 
profinite action on a standard probability space X such that the restriction Tq r> a i r o X 
is also ergodic. 

Let A rx@ Y be a free ergodic measure preserving action of a countable group A on a 
standard probability space Y . Suppose that 6 : X — > Y is an orbit equivalence between 
a and [3. Then we can find an automorphism rofY such that r(y) G Ay, a.e. y G Y , 
two finite index subgroups Y\ C T, Ai C A, a T\-ergodic component X\ C X and a 
Ai-ergodic component Y\ C Y such that (r o 8){X\) = Y\ and (r o 9)\x 1 '■ X\ — > Y\ is 
a conjugacy between T 1 r> Q i r i X 1 and A x r\^ A i Y 1 . 

Before discussing some applications of Theorem A and its method of proof, let us 
give a brief history of previous results of this type. The first such result was obtained 
by A. Furman, who combined Zimmer's cocycle superrigidity ([Z]) with ideas from geo- 
metric group theory to show that the actions SL n (Z) rvT n (n> 3) are OE superrigid 
([Ful,2]). This was followed by the work of N. Monod and Y. Shalom who employed 
techniques from bounded cohomology theory to prove that separately ergodic actions 
of products of hyperbolic groups are close to being OE superrigid ([MShl,2]). Recently, 
S. Popa used deformation/rigidity arguments in a von Neumann algebra framework to 
show that deformable actions (e.g. Bernoulli actions V rx [0, l] r ) of rigid groups V (e.g. 
groups r which admit an infinite normal subgroups with relative property (T)) are OE 
superrigid ([PI, 2], see also [PV]). In subsequent work, Popa was able to remove the 
rigidity assumption on the group V by assuming instead that V is the product of two 
groups, one infinite and one non-amenable ([P3]). The last result along these lines is 
due to Y. Kida who proved that any ergodic action of any mapping class group is OE 
superrigid ([Kil,2]). 

As a consequence of Theorem A, we can construct uncountably many non-OE profi- 
nite actions for the arithmetic groups SL n (Z) (n > 3), as well as for their finite index 
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subgroups (see Corollary 5.3.), and for the groups SL m (Z) x Z m (m > 2) (see Corollary 
5.8.). In Section 4, we prove a more general version of Theorem A with stable orbit 
equivalence replacing orbit equivalence. This more general statement has the following 
interesting application: if V rv X is as above and if Xq C X is a measurable set of 
irrational measure, then the equivalence relation TZ*° := TZ-p n (A x A ) cannot be 
induced by the free action of a countable group (compare with Theorem D in [Fu2] and 
Theorem 5.6. in [P2]). 

In proving Theorem A, we follow Zimmer's approach of studying orbit equivalences 
of actions via their associated OE cocycles. Recall in this respect that, given a measure 
preserving action V rx X and a countable group A, a measurable map wiTxI^A 
is called a cocycle if it satisfies the relation 10(7172, = w (71, 72^)^(72, x), for all 
71,72 G T and a.e. x G X. Two cocycles w,w' : V x X — > A are cohomologous if 
there exists a measurable map : X — > A such that 11/(7, x ) = ()>{ r yx)w( r y,x)(l)(x) 1 , 
for all 7 G r and a.e. £ G A. Now, for an orbit equivalence 9 : X Y between two 
free ergodic measure preserving actions V r\ X and AaF, consider the measurable 
cocycle wTxl^A defined by the relation 9( r )x) = 10(7, x)6*(x). A general principle 
then says that in order to show that 9 is in fact a conjugacy, it essentially suffices to 
prove that w is cohomologous to a homomorphism 6 : V — > A, i.e. to a cocycle which 
is independent of the A- variable ([Z],[Ful,2],[P2]). Guided by this principle we will 
deduce Theorem A as a consequence of the following: 

Theorem B (Cocycle superrigidity). Let T rV* X be as in Theorem A. Suppose 
that a is the limit of the actions V rx an X n , with X n finite, and, for every n, let 
r n : X — > X n be the quotient map. Let A be a countable group and w : V x X ^ A be a 
measurable cocycle for a. Then there exists n such that w is cohomologous to a cocycle 
w' : T x X — > A of the form w' = w" o (id x r n ), for some cocycle w" : V x X n — > A. 

In other words: any cocycle for a comes from one of the finite quotients a n . On the 
other hand, notice that the ct n 's do produce non-trivial cocycles for a. Indeed, if we 
fix n and identify X n (as a T-space) with T/r n , for a finite index subgroup T n of F, 
then the natural cocycle v n : V x T/r n — > T n lifts to a cocycle v n : V x X — > F n . 

The first examples of cocycle superrigid actions appeared only recently with the 
remarkable work of S. Popa who showed that if F has an infinite normal subgroup with 
relative property (T), then any cocycle for the Bernoulli action of V with values in any 
countable group A (more generally, A G Vffi n ) is cohomologous to a homomorphism 
5 : T — > A ([P2]) . Note that this result, in its most general form (see section 5 in 
[P2]), still requires that the action is weakly mixing. In contrast, Theorem B applies to 
profinite actions, which are, in some sense, farthest to being weakly mixing. It would 
be thus of interest to understand in a unitary way why cocycle superrigidity occurs 
for both Bernoulli and profinite actions. More recently, Popa extended his result to 
cover many groups which do not have relative property (T) subgroups, such as F2 x F2 
([P3])- 
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Related to the our results and motivated by the analogy with Popa's cocycle super- 
rigidity results ([P2,3]), a natural open question arises: does the conclusion of Theorem 
B (or of Theorem A) hold true in the case r = F2 x F2? A positive answer to this 
question together with N. Ozawa and S. Popa's very recent work ([OP]) it would imply 
that any free ergodic measure preserving profinite action r rx X of Y = ¥2 x F2 is von 
Neumann superrigid. This means that if A rx Y is another free ergodic measure pre- 
serving action such that the associated von Neumann factors ([MvN]) are isomorphic, 
L°°X x T ~ L°°Y x A, then the actions r^l and A rx Y are virtually conjugate, in 
the sense stated in Theorem A. 

The proof of Theorem B involves a "zooming in and out" argument, which we now 
briefly sketch. In the above context, assume for simplicity that V has property (T) 
and let w : T x X — > A be a cocycle. Then, for a fixed 7 G T, as n gets large, we 
have that (*) r n (x) = r n (y) =>• u;(7, a;) = 10(7,?/), with large probability. Next, using 
property (T) (for an appropriate representation of T), we deduce that (*) holds true 
uniformly in 7 G T, as n — > 00. Localizing, this tells us that for a large enough n, 
we can find a G X n such that the map X a : = r~ 1 ({a}) 3 x — > 10(7, x) G A is almost 
constant, uniformly in 7 G Y a (the stabilizer of a). Finally, a criterion for untwisting 
cocycles (see Section 2) implies that the restriction of w to T a x X a is cohomologous 
to a homomorphism 6 : T a — > A. Since r a has finite index in T, we can use this "local" 
information on w to get the desired conclusion. 

In Section 1, we define the notion of profiniteness for actions and discuss certain 
properties of it. Sections 3 and 4 are devoted to the proofs of theorems B and A, 
respectively, while in Section 5 we derive some applications of these results. In the last 
Section, we investigate two natural generalizations of profinite actions: compact and 
weakly compact actions. 

Added in the proof. After these results have been first circulated, A. Furman has 
been able to show that our main results still hold when the class of profinite actions 
is replaced by the larger class of compact actions (see Section 6 for more on compact 
actions) . 

§ 1. Profinite actions. 

Conventions. All actions that we consider throughout this paper are of the form 
T rx a (A, n) , where V is a countable group which acts in a measure preserving way on 
a probability space (A, y) . For simplicity of notation, we will often denote an action 
by T rx X. 

In this section we introduce the notion of profinite actions. After giving examples, 
we discuss ergodicity properties and freeness of such actions. We end the section by 
giving necessary and sufficient conditions for two profinite actions to be conjugate. 

To define the notion of profinite action, we first recall the construction of an inverse 
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limit of actions (see 6.3. in [G] for a reference). Let T rx 0171 (X n ,/z n ) be a sequence 
of measure preserving actions and assume that a n is a quotient of a n +i, for all n. 
Let q n : (X n +i, /z n +i) - *• (A n?/ u n ) be the quotient map, i.e. a measurable, measure 
preserving, onto map, such that ^(7^) = 79n(^) 5 a.e. x G X n +i, for all 7 G T. Define 

X = {(x n ) n |x n G X n ,g n (x n+ i) = x n ,Vn} 

and let r n : X — > A n be given by r n ((x m ) m ) = x n . Then there exists a unique 
probability measure /U on X such that r n : (A, /z) — > (X n , fx n ) is measurable and 
measure preserving, for all n. Denote by a the action of V on X given by 7((x n ) n ) = 
(7^n)n- Then ct preserves and r n realizes ct n as a quotient of a, for all n. We say 
that a is the limit of a n and we use the notations (X,fi) = h_m(X n , / u n ), a = jim a n . 
Note that a is ergodic iff a n is ergodic, for all n. 

1.1. Definition. A measure preserving action T rx a (A, //) is called profinite if 

a = h_ma n , for a sequence of measure preserving actions V rx an (X n ,fi n ) with X n 
finite. 

1.2. Example. Let V be a countable group and let {T n } n be a descending chain of 
finite index subgroups of V. For every n, endow the quotient T/r n with the counting 
probability measure (i n and denote by a n the (transitive) left action of V on the right 
cosets r/r n . Also, for every n, let q n : r/r n+ i — > T/r n be the map given by inclusion 
of cosets, i.e. q n (xT n+ i) = yT n iff xT n+ i C yT n . Then q n is measure preserving and 
makes a n a quotient of a n +i, for all n. The limit action F rx 01 hjn(r/r n , /z n ) is ergodic 
and profinite. In the CclSG IS cl normal subgroup of T, for all n > 0, a can be 
alternatively seen as the action V rx (G, ^1) , where G is the profinite completion of V 
with respect to {T n } n and [i is the Haar measure of G. 

1.3. Remarks. (1). Any ergodic, profinite action T rx a (A, ,u) = hm(A n , jU n ) arises 
as in the above example. To see this, let q n : X n+ i — > X n be the quotient maps and 
fix a sequence a n G X n such that q n (a n+ i) = a n , for all n. Since a is ergodic, T acts 
transitively on X n , thus A n = Ta n , for all n. Let T n = {7 G T|7a n = a n }, then 
r n +i C r n . It is then easy to see that the map 9 : X — »• |im r/r„ given by 9((x n ) n ) = 
(7nT n ) n , where 7 n is defined by the relation x n = 7 n a n , for all x = (x n ) n G X, is a 
probability space isomorphism identifying the actions r rx X and V rx |im r/T n . 

(2). The representation of a profinite action as an action of the form V rx |imr/r n 
is not unique. Indeed, if g n is a sequence of elements of V such that g n T n D g n+ iT n+ i, 
for all n, then the actions V rx |imr/r n and V rx \mi T / g n T n g^ 1 are isomorphic. This 
fact follows by applying the previous remark to a n = g n T n G X n = F/T n . 

Also, we note that if and {T^} n are two descending chains of finite index 

subgroups of T such that C r^ fe C r^ fe , for two subsequences and N^, then 

the profinite actions V rx |imr/r^ and V rx |imr/r^ are isomorphic. 
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(3). Assume that V rx a (X, n) is an ergodic, profinite action. For every m, let r m : 
X -> X m be the quotient map and denote X a , m = r" 1 ^}), ^ a , m = A»(-^a,m) - V|x , m , 
for all a G X m . Also, set r a;m = {76 r|7A" a;m = A" a;m } = {76 r|7a = a}. Then the 
action r ajTn r\ (X ajm , jLi , m ) is ergodic and profinite, for every m and for all a G X m . 

By the first remark we can assume that a is of the form Y rx lim r/T n , for some de- 
scending chain {T n } n C V of finite index subgroups, and that a = Y m e G Y/Y m . Under 
this identification, the action r a m rx X a ^ m becomes the action Y m rx fi_m n>m T m /T n , 
thus it is ergodic and profinite. 

For the next two results and their proofs we assume the notations of Remark 1.3.(3). 

1.4. Lemma. Let Y rx a (X,/j,) be an ergodic profinite action. Let A C X be a 
measurable set which is Y -invariant, for some finite index subgroup Y ofT. Then we 
can find n and a Y -invariant set F C X n such that A = U ae pX a>n . 

Proof. Assume first that r is moreover a normal subgroup of Y and let A C X 
be a Tq— invariant set. Let B C X be an ergodic component for ol\t - Since Tq C T 
is normal we get that 7I? is an ergodic component, for all 7 G T. Also, since a is 
ergodic, we have that U 7e 3(7.8) = X, where S C Y satisfies Y = U je s('~fYo)- Since A 
is r -invariant, by the above facts we get that A = U^s/7-B, for some subset S' of S. 
Thus, it is sufficient to prove the conclusion in the case A is an ergodic component for 
Q!|r - Indeed, if B = U a6 F^a,n 5 for some n and F C X n , then A = U ae s'F^a,n- 

Let A be an ergodic component for ct|r 07 then 



From the way (X,/i) is constructed, we have that /i(AA(U ae i?X ai „)) < fJi(A), for 
some n and F C X n . This implies that //(An (U a£ F^a,n)) > M u aeF^a,n)/2, thus we 
can find a E F such that //(A fl X 0jTl ) > /x(X 0jTl )/2. 

We claim that AnX 

a,n is r a n invariant. Let 7 G r a n , then using (1.4. a.) and the 
fact that 7X a n = X ajH , we get that 



(i.4.b.) fj,((A n x a , n ) n 7 (A n x a , n )) = ^{(A n 7 A) n x a , n ) g {o, //(A n x a , n )} 



(i.4.c.) //((A n x a , n ) n i(A n x a , n ,)) > 2/i(A n x a , n ) - //pr a , n ) > o, v 7 g r a , 



By combining (1.4.b.) and (1.4.c.) we deduce that A fl X a ^ n is indeed Y a ^ n — invariant 
and since the action Y a ^ n rx X a ^ n is ergodic (by Remark 1.3.(3)) we deduce that 
AnX an = X atn , hence that X a ^ n C A, a.e. 

Next, we prove that if b G X n satisfies /j,(A fl X^ n ) > 0, then X b ^ n C A. For such 
6 G X n , let 7 G T such that 6 = 7a. Then X bj7l = ^X a ^ n and we have that 



(1.4.a.) 



/i( 7 ini)G{o,Mi)},V7Gr 



On the other hand, we have that 



< ii(Af\X bin ) = //( 7 
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By using (1.4. a.) this further implies that r )~ 1 A = A, thus X h)U = ^X a ^ n C 7A = A 
a.e. 

In general, if we replace To with the normal subgroup n 7 <=r7ro7 -1 of T, then the 
above proof shows that X = U ae xX a ^ n for some n and some set F C X n . Since A is 
To— invariant, F must also be To— invariant. ■ 

1.5. Corollary. Let V rx a (X, y) be an ergodic, profinite action. Let A be a count- 
able group on which V acts (e.g. assume that the action V rx A is given by 7 • A = 
#i(7)A02(7) _1 , for two group homomorphisms 9\, $2 '■ F — > A). 

Let 4> : X — > A is a measurable map such that <p(^x) = 7 • (j>(x), for all 7 G F and 
a.e. x G X. Then there exists n such that 4>\x a „ is constant, for all a G X n . 

Proof. Let A G A, such that X x = {x G X\<fi(x) = A} has n(X x ) > 0. From the 
hypothesis we have that ^X\ = X^.\, for all 7 G V. This implies that n(^X\ n X\) G 
{0, (j,(X\)}, for all 7 G T, and by applying the Lemma 1.4., we deduce that there exists 
n > and F C X n such that X\ = U ae pX a ^ n . 

Moreover, the ergodicity of a implies that U 7 <=r(7^A) = X, hence U 7£ r^7-A = X. 
Thus, if A' G A satisfies /J,(Xy) > 0, then A' = 7 • A, for some 7 G T, hence 

X\* = Xj.\ = ^X\ = Ube~/FXb,n- 



1.6. Freeness of profinite actions. Let F rx (X,fj,) = |im(r rx (X n , /j, n )) be a 
measure preserving ergodic profinite action with the quotient maps r n : X — > X n , for 
every n. For 7 G T we have that {x G X\-fx = x} = n n r~ 1 ({x G X n \-fx = x}), hence 

/j({x G X\*yx = x}) = lim ^(r" 1 ^ G X n |7x = x})) = 

n^oo 

lim /U n ({x G X n |7x = x}) = lim \{x G X n |7x = x}|/|X n |. 

n — >cxd n — >oo 

Thus, the action V rx (X, y) is (essentially) free iff 
(1.6.) lim |{xGX n | 7 x = a:}|/|X n | =0,V 7 Gr\{e} 

n — >cxd 

In particular, if T r> (X,fi) is free and if T n := {7 G r|7x = i,Vx G X n }, then T n 
are finite index subgroups of F and fl n r n = {e}. Thus, any group F which admits a free 
ergodic profinite action must be residually finite, a fact which we assumed implicitely 
in the statements of Theorems A and B. Conversely, if F is a residually finite group 
and if {r n } n is a descending chain of finite index, normal subgroups of F with fl n r n = 
{e}, then by using (1.6.) it readily follows that the ergodic profinite action F rx 
hjn(r/r n , n n ) is also free. 

Next, we consider a second construction of profinite actions where (1.6.) and thus 
freeness can be easily checked. Let V be a countable group which decomposes as a 
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semidirect product r = A x r . Assume {r^}™ is a descending chain of finite index 
subgroups of To such that Tq is normal in T, for all n. For every n and all a G A, let 
92 G Aut(r /r£) be given by #™( cF o) = {aca' 1 )^, for all cT% G r /T%. Then T acts 
on Tq/Fq by the formula 

(a,6)o( c r-)=^(6cr-) = (a6ca- 1 )r-, 

for all a G A, b G r , cTq G T /Tq and this action preserves the counting probability 
measure \i n on To/r^. If q n : Tq/Tq +1 — > Tq/Tq is the map given by inclusion of 
right cosets, then q n is T— equivariant and measure preserving, for all n. Let V rv a 
hjn(ro/rQ , fj, n ) be the associated profinite action and note that, by construction, ct| ro 
is ergodic. 

1.7. Lemma. In the above setting, assume that n n TQ = {e} and that, for all a G 
A \ {e}, the group {b G r |[a, b] = e} is of infinite index in T . Then a is free. 

Proof. For every n and a G A, denote Fix(6>") = {x G Fq/Tq\92(x) = x}. Then 
g n (Fix(6>™ +1 )) C Fix(#"), thus q n induces a surjective homomorphism 

(i.7.a.) q n : (r /r- +1 )/Fix(c +1 ) - (r /rj)/Fix((^) 

We claim that 

(1.7.b.) lim [(r /TJ) : Fix(^)] = oo, Va G A \ {e} 

n^oo 

If we assume that this is not the case, then we can find a G A \ {e} and A such that 
q n is an isomorphism, for all n > A. Let r" = {x G Tq\6^ (xTq) = xTq}. Since q n is 
injective, for all n > A, we get that 

O^ r o) =^,Vx G r',Vn > A. 

This rewrites 

x-^xa -1 G r^,Vx G r',Vn > A, 

and since fl n Fo = {e}, we deduce that [a, x] = e, for all x G r'. However, since r' C To 
is a finite index subgroup (as it contains Tq), this contradicts the hypothesis, thus 
(1.7.b.) holds true. 

Now, to check that a if free, let (a, b) G T \ {e}, where a G A and b G IV Since the 
restriction CK|r is free, we can assume that a ^ 0. We claim that 

(1.7.c.) \{xF% G r /rj|(a,6) o (*r») = *r-}| < |Fix(^)|,Vn 
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Indeed, this follows from the following fact: if x,y verify (a, b) o (xTq) = xYq and 
(a, b) o (yrg) = yr^, then (n^a^ G Fix(0£). By combining (1.7.b.) and (I.7.C.), we 
get that 

(1.7.d.) lim \{xT% G r /r%\(a,b)o(xr%) = xTZ}\/\r /r%\ = 0, Va G A\{e},V6 e r 

n^oo 

Finally, by using (1.6.) we deduce that a is free. ■ 

Recall that two measure preserving actions I\ rx ai (Xj,/Xj), z = 1,2, are called 
conjugate if there exists a group isomorphism 5 : Ti — > T 2 and a measure space 
isomorphism : (Xj.,/ii) — > (^2,^2) such that 9(^x) = 5{^)9{x), for all 7 G Ti and 
a.e. x G Xl. 

1.8. Proposition. Let Ti, T 2 fee two countable groups and let {ri n } n C T\ and 

{^2,n}n C r 2 fee descending chains of finite index subgroups. Then the profinite actions 
Ti rx ai (Xi,fii) := ]^m(Ti/Ti„., i = 1,2, are conjugate iff there exists a group 

isomorphism 5 : I\ — > r 2 , two subsequences {njtjfc, {A^}fc C N and 7fc G T 2 swc/i t/iat 

7N fc+ i r 2,Af fe+1 C 7Ar fe r 2)A r fe , 

*(ri,„ fc+1 ) c 7N fe r 2 ,7v fc 77v fc " 1 c <5(ri >n j,vfc. 

in particular, if for some i G {1,2} we have that Yi >n is a normal subgroup ofYi, 
for all n, then ct\ is conjugate to a 2 iff there exists a group isomorphism 5 : I\ — > T 2 
and two subsequences {nk}k, {Nk}k C N swc/i i/ia£ 

*(ri,„ fc+1 ) c r 2)7Vfc c <J(ri >nfc ),vfe. 

Proof. Assume first that a± is conjugate to ct 2 . Let 5 : Ti — > T 2 be a group 
isomorphism and 6* : (Xi,/ii) — > (X 2?/ u 2 ) be a measure space isomorphism imple- 
menting the conjugacy. For i G {1,2} and for all n, denote X i)U = Ti/T ijn and let 
77™ : Xi — > be the quotient map. Also, for all a G X i)Tl , denote Xj a ,n = r rn({°}) 
and r i>ajn = {7 G r^X^ = X i>a>n }. 

Claim. For all n and for every a G Xi jn , there exist N and F C X 2 ,n such that 
0(Xi )Oin ) = UbeF^2,b,N- Moreover, in this case, we have that r 2 ,6,jv C S(Ti jajn ), for all 
beF.' 

Proof of Claim. Since X lja ^ n is ri )a>n -invariant, we get that 9{X x ^ n ) is S(T l!a>n )- 
invariant. Using the fact that S(Ti ja ^ n ) has finite index in T 2 , Lemma 1.4. implies 
that 9{Xi ya ^ n ) = UbeFX 2 ,b,N, for some N and some set F C X 2 ,n- For the second 
assertion, let b G F and 7 G T 2 such that r yX 2t b,N = X 2 ^,n- Thus, in particular, 
At 2 (7^(^i,a,n) n 9{X l ^ n )) > 0, hence Ati^ -1 (7)^1, a,n n ii, a , n ) > 0. Finally, this 
implies that o" _1 (7) invaries Xi )(ljn , which proves the claim. □ 
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Similarly, we get that for all n and every b E A 2>n , there exist N and F C X ljN 
such that X 2 ,b,n = U aeF 9(X 1)ajN ). Also, in this case, 5(T ljajN ) C r 2 ,6,n, for all a E F. 

Now, for every n, define a n = er 1;n G A i)n = ri/ri jn . By the above claim it follows 
that for every n we can find m > n, N and b E A 2j jv such that #(^i,a m ,m) C X 2j b,N C 
^(^i,o„,n) and <y(ri >aro>m ) C T 2 , b ,N C <K r i,a„,n)- Indeed, by applying the claim we 
get that ^(^i,a„,n) = Ub £ F^2,6,Ar for some N and some set F C A 2j at. Now, by 
applying the claim a second time we can find m > n such that for all b G F, X 2 ,b,N = 
{J a€Fb 0(X lja ,m), for some set F h C Ai >m . Since we also have that 6(Xi^ m ^ m ) C 
0(^i,a„,n), we can find b E F such that 0(Ai jClm)m ) C A 2i&jA t. 

Thus, we can inductively construct two subsequences {rik}k, {Nk}k C N and bk G 
X 2j N k such that 

(1-8. a.) 0(^i,a„ fc+1 ,n fe+ i) c X 2 ,b k ,N k C 6>(Xi )arife)n J 

and 

(i.8.b.) S(r hank+i , nk+1 ) c r 2 , bfe ^ fe c 5(r lia „ fe)n j,v/c 

Now, for every k, let 7^ G r 2 such that X 2j b k ,N k = 7^2, N k - By using inclusion 
(1.8. a.) we get that 7fc+ir 2) 7v fc+1 C ^k^2,N k , for all k. Since we also have that V 2 ^ k ^ k = 
7N k r 2 ,N k lN k ~ 1 and that ri j£lnfcjrifc = T 1>Hk , for al k, inclusion (1.8.b.) gives the rest of 
the conclusion. 

Conversely, if we assume inclusions from the hypothesis to hold true, then Remark 
1.3.(2) implies that ot\ and a 2 are conjugate. ■ 

§2. A CRITERION FOR UNTWISTING COCYCLES. 

Let r rv a (X, fi) be a measure preserving action and let A be a Polish group. A 
measurable map w : V x X — > A is called a cocycle for a if it satisfies 

w(7i72,a0 = w (71 , l j2x)w('j2, x),V7i,72 G T 

and a.e. x G A. Two cocycles wi and iy 2 are said to be cohomologous if there exists 
a measurable map : X — > A such that 

101(7, = 0(7^)^2(7, x)0(x)~ 1 , V7 g r 

and a.e. x E X. Note that if ip : V — > A is a group homomorphism, then 10(7, x) = ^(7) 
defines a cocycle. In this Section, we give a criterion for untwisting cocycles, i.e. for 
showing that a cocycle is cohomologous to a homomorphism. This criterion will follow 
as a consequence of the next lemma whose proof is inspired by the proofs of 4.2. in 
[P2] and 4.2. in [Fu4]. 
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2.1. Lemma. Let Y rx a (X,fi) be a measure preserving ergodic action. Let A be a 
countable group and let wi,W2 : T x X — > A be two cocycles for a. Let C G (7/8, 1) 
and assume that /i({x G X\wi("f,x) = 102(7, ^O}) — C, for all 7 G V. Then w± is 
cohomologous to w 2 . 

Proof. Endow A with the counting measure c and let a be the measure preserving 
action of V on the infinite measure space (IxA,|jxc) given by 

7 (a;, A) = (72;, 101(7, x)Xw2( , -f, ^O" 1 ), V7 G T, A G A, x G X. 

Let 7r : T — > U(L 2 (X x A, // x c)) be the induced unitary representation and let £ G 
L 2 (IxA,|iX c) be given by A) = 5a, e . Then 

lk(7)(0-ei| 2 = 2-2K<7r( 7 )(^)^>= 

2-2/i({xG X|w 1 (7,x) =w 2 ( 7 ,x)}) < 2-2C,V7GT. 

Thus ||7r(7)(^) — £|| < \J2 — 2C, for all 7 G T, and a standard averaging argument 
shows that we can find r\ G L 2 (X xA,(jxc) such that ||// - £| | < V 2 - 2C < 1/2 and 
7/ is 7r(r)-invariant, i.e. 

(2.1.) 77(72:, 101(7, z) Aio 2 (7, ^O" 1 ) = 77(2;, A), V7 G T, A G A, 

and a.e. x G X . 

Let Xq be the set of x G X such that there exists a unique A = (p(x) G A with 
\rj(x : A) I > 1/2. Then identity (2.1.) implies that X is ot(T)— invariant and that 

(2.2.) 101(7, 2)^(2)102(7, ^O" 1 = 0(72;), V7 G T 

a.e. x G Xq. On the other hand, the inequality \\rf — £|| < 1/2 is equivalent to 

[ [\r 1 (x,e)-l\ 2 + J2 \v(x,l)\ 2 W(x)<l/4. 

JX 76r\{e} 

In particular, the set 

Y = {xeX\\ V (x,e)-l\ 2 + l^7)| 2 <l/4} 

7 er\{ e } 

satisfies n(Y) > 0. It is then clear that Y C Xq, thus h(Xq) > and since a is ergodic, 
we get that X = X, a.e. Finally, (2.2.) implies that w\ is cohomologous to W2- ■ 
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2.2. Corollary. Let Y rx a (X, p) be a measure preserving ergodic action. Let A be a 
countable group and let w : V x X — > A be a cocycle for a. Let C G (7/8, 1) and assume 
that 

(fi x p J )({(x 1 ,x 2 ) G X x X\w{^,xi) = w(j,x 2 )}) > C,V7 G V. 

Then w is cohomologous to a group homomorphism ip : V — > A. 

Proof. For 7 G T and A G A, denote S lt \ = {x G X| 117(7, a;) = A}. If 7 G T, then 
since {<S 7 ,a}a€A is a partition of X, we get that X^AeA ^(^7, a) = 1- Thus, 

C < (// x ^)({(xi,x 2 ) G X x X|w(7,xi) = 117(7, x 2 )}) = 
V ^(^ 7 ,a) 2 < (V v(Sj,\)) max/i(5 7 ,A) = max//(,S 7)A ), V7 G T. 

A£EA A£EA 

AeA AeA 

In conclusion, for every 7 G T, we can find a unique ^(7) G A such that the set T 7 = 
{x G X\w{^,x) = ^(7)} has measure //(T 7 ) > C. Next, note that given 71,72 G T, we 
have that 



^(7172) = ^(7172,0;) = w (71, 72^(72, ^) = ip (71)^(72), Vz G T 7l72 n 7 2 X T 7l nT 72 . 

bince //(T 7l7a n 7 2 " 1 T 7l n T 72 ) > 3C - 2 > 0, for all 7i, 72 G T, we deduce that ip is 
a homomorphism and the claim follows by the previous lemma. ■ 

§3. Proof of cocycle superrigidity. 

In this Section we give the proof of Theorem B. To this end, recall that the action 
r J is a limit of actions V rx an X n , where X n are finite probability spaces 
together with T-equi variant quotient maps r n : X — > X n , for all n > 0. For a fixed 
n, denote X a>n = r~ 1 ({a}), r a;n = {7 G r|7a = a}, for all a G X n , and observe 
that p(X a ^ n ) = \Xn\~ 1 . Also, recall that r is a normal subgroup of V such that the 
inclusion r C V has relative property (T), the quotient r/r is finitely generated and 
the restriction r rV*i r o X is ergodic. 

Next, let c be the counting measure on A and define the measure space (Z, p) = 
(X x X x A, p x p x c). Let a be the measure preserving action of V on (Z, p) given by 

7(^1, X2-, A) = (7x1, 7x2, 117(7, £i)Amj(7, x 2 ) _1 ), V(xi, x 2 ) G X x X, A G A 

and let 7r : Y — > U(L 2 (Z, p)) be the induced unitary representation. For every n > and 
a G X n , let Ca,n £ L°°(Z,p) be the characteristic function of the set A a n x X a n x {e} 
and define £ a , n = v / T^JCa,n- Finally, for all n > 0, set £ n = E ae x„ Ca,n, then 

||Cn||L2(Z,p) = 1- 
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Part 1. lim n ^ 00 ||7r(7)(f n ) - £ n \\L*{z, P ) = 0, for all 7 G Y. 

Proof of Part 1. Fix 7 G T. For A G A, denote S\ = {x G X|ty(7 _1 , x) = A}. Using 
the fact that the set U ae x n (^a,n x -X"a,n) is invariant under the diagonal action a x a 
of T on X x X, we deduce that for all n 

(3.a.) < 7r(7)(^ n ),^ n > L 2 (Zj/9) = 



|^n| / i( 7 ^,x 1 )A ra ( 7 -i,x 2 )-i,e<5A,e</i X /i X c)(li, X 2 , A) = 

l^n| x /"XK^i' 3 ^) e ^ ajn x X a>n |«;(7 -1 ,xi) = w('y~ 1 ,X2)}) = 

aEX n 

\x n \ KXa, n ns x ) 2 . 

aex n ,\eA 

Now, let P n be the orthogonal projection from L 2 X onto the finite dimensional Hilbert 
space spanned by {lx a n \ a e X n }. Then it is easy to check that for every measurable 
set S C X and every n > 0, we have that \X n \ E ae x„ K X a,n^S) 2 = ||-Pn(ls)|||2 (X)M) - 
By combining this fact with equality (3. a.) we get that 

(3.b.) < 7r( 7 )(£nUn >L H Z, P )= ^ | |P„(1 S J | , Vn > 

AeA 

Next, note that if we view l?X n as a Hilbert subspace of L 2 X (via r n ), then P n 
is precisely the orthogonal projection onto L 2 X n . Since X = hm X„ we have that 

l?X = (U n >o-^ 2 ^ n )" > thus P n — > I, in the strong operator topology. 

Now, let e > 0, then since ^asaM'S'a) = 1, we can find F C A finite such that 
12\eA\F M^a) < £• Since P n — > I, (3.b.) implies that 

liminf | < 7r(7)(^ n ),^ n > L 2(z, P ) I > ^ l|l,S;Jl£a(x, M ) = M^a) > 1 ~ £ - 

A6-F \<EF 

As £ > is arbitrary and ||£ n ]| = 1, we get that lim^^ < 7r(7)(£ n ),£ n > L 2(z, P )= 1, 
for all 7 G T and Step 1 follows. □ 
For the next three steps, fix S G (0, 1). 

Part 2. There exists n and rj G L 2 (Z, p) such that ii(~f)(rf) = rj, for all 7 G To, and 

\\V - €ti\\l*(z,p) < 
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Proof of Part 2. Since the inclusion r C Y has relative property (T) (as defined 
in the introduction), then by [Jol] we can find a finite set F C Y and k > such 
that if 7T : Y — > U('H) is a unitary representation and £ G is a unit vector with 
ll 7r (7)(^) ~~ £11 — ^> f° r au 7 ^ then we can find a 7r(To)-invariant vector rj &Ti such 
that ||/7 — £|| < 5/4. Thus, using Part 1, we get the conclusion. □ 

Part 3. There exists a G X n such that 

| k(7) (Ca,n) - Co,n || L 2 (Z,p) < (<V 2 ) I l£a,n| U 2 (Z,p) , V7 G 

Proof of Part 3. For every a G X n , let ?? a be the restriction of r\ to X a ^ n x X ajn x A. 
Then 7/ = Eaex„ ^ is the restriction of rj to [U aeX „(^a,n x -^o,n)] x A- Since £ n is 
supported on [U ae x„(Ia, n xI a , n )]xA, we get that | |?/-£n| \l»(z, p ) < \\v-€n\\L'(z, P ) < 
6/4. Thus 

\\Va - Za,n\\h(z,p) = 1 1 v' ~ fn| li 2 (Z,p) < ^/ 16 = 
(5 2 /16)||£a,n||! 2( ^) = (5 2 /16) £ ||£a,n||! 2( Z, p) , 

hence we can find a e X n such that \\i] a - £ a ,n\\L*(z,p) < (<V 4 )ll£a,n|U 2 (;?,p)- 

On the other hand, since rj is 7r(r )-invariant and since X a ^ n x X a ^ n x A is a a(r a n )- 
invariant set, we get that t] a is a 7r(T a n fl r )-invariant vector. Thus by applying 
triangle's inequality we deduce that 

IK(7)(£a,n) - £a,n\\L 2 (Z,p) < 2 1 \rja - £a,n \ | L 2 (Z,p) < 

(V2)||£a,n||L 2 (^),V7G r a , n nr . 

□ 

Part 4- There exists a homomorphism ip : Y a;n nYo — > A such that iu is cohomologous 
to a cocycle iui : T x X — > A which satisfies ^1(7, x) = ipd), for all 7 G r a ,n fl r and 
a.e. x G X a n . 

Proof of Part 4 ■ By Part 3 we have that 

(3.C.) (1 - 5 2 /8)||£a,n|l! 2 (Z,p) < & < 7T(7)(£a,n),£a,n >L 2 (Z,p), V 7 G P a , n fl Tq. 

Now, a computation similar to the one in Part 1 shows that inequality (3.c.) is 
equivalent to 

(1 - 5 2 /8)\X n \~ 1 < \X n \(fi x fi)({(x 1 ,x 2 ) G X ajn x X 0>n |«;(7,xi) = w(7,x 2 )}), 
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for all 7 G Y a ^ n n T . Hence, if we denote \i a ^ n = (l/|X n |)/Z| Xoi „, then \x a ^ n is a 
probability measure on X a ^ n and the last inequality rewrites 

(Va,n x Va,n)({(xi,x 2 ) G X ajn x X 0>n |u;(7, Xi) = w(7,x 2 )}) > 1 -5 2 /8, V7 G r ajn nr . 

Next, since the action T r> (X,fi) is assumed ergodic then by Remark 1.3.(3) we get 
that the action T a ^ n nT r\ (X ajn , /J, a ,n) is ergodic. Thus, since we also have that 
1 — 5 2 /8 > 7/8, we can apply Corollary 2.2. to deduce that there exists a group 
homomorphism ip : r a n fl Fq — > A and a measurable function : X a ^ n — > A such 
that (f)('jx)w('j, x)0(x) _1 = "0(7), for all 7 G r a>n fl T and a.e. x G X ajTl . If we 
let : X — > A be given by 0(x) = 0(x) if x G X a n and 0(x) = e otherwise, then 
101(7, x) = (f)('jx)w('y, x)0(x) _1 is a cocycle satisfying the conclusion. □ 

Part 5. There exist homomorphisms ■?/>& : fl Tq — > A, for all b G AT n , such that w 
is cohomologous to a cocycle w 2 : T x X — > A which satisfies 1^2(7, x) = ipb(l), for all 

7 g r\ n n r , x e x b)U and 6 g x n . 

Proof of Part 5. Fix 6 G X n and let 7 G T such that b = 7a. By using the cocycle 
relation we have that 



(3.d.) tui(7o,£) = ^1(7 1 ,7o^) ^1(7 1 lom 1 x)w 1 ('j 1 ,x) 

for all 70 G r^flTo and a.e. x G Since 7 _1 (l\ n nr )7 = r a n nr (r is normal 

in T) and r y~ 1 Xi )jn = X ajU , Part 4 implies that «7(7 _1 7o77 7 _1 x) = "0(7 _1 7o7)7 f° r & h 
7o £ r&,n fl To and a.e. x G Define 0b : Xb, n — > A by 0&(x) = «;i(7 _1 ,x) and 

-06 : rb, n H To — > A by ipbilo) = ^(7 7o7)- Then -06 is a homomorphism and identity 
(3.d.) becomes 

(3.e.) wi(7o,x) = 06(7o^)"V&(7)^(^) 5 V70 G T bjn n T 

and a.e. x G -2Q>,n- 

Finally, let : X — > A be defined by 0(x) = 06 (x) iff x G X &jn . Then the formula 
^2(7, x) = 0(7x)iui(7, x)0(x) _1 defines a cocycle cohomologous to w\ (thus to iu) 
which by (3.e.) verifies the conclusion. □ 

Part 6. There exists N > n such that w 2 factors through the map rxI->Tx X N . 

Proof of Part 6. Fix 7 G T. We claim first that there exists AT (7) > n such that 
map X 3 x ^ 1^2(7, x) G A factors through rjv( 7 ) : X — > Xjv( 7 ). Start by noticing that 
Part 5 and identity (3.d.) for ^2 imply that 

^2(7,70^) = V> 7 fo(77o7" 1 )«'2(7 5 2 ; )' i M7o)" 1 , 
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for all b G X n ,7 £ r&,n H T and a.e. a; G X& >n . In particular, for all b G X n , the 
map Xb, n 3 x W2( / y,x) E A satisfies the hypothesis of Corollary 1.5. for the action 
(r\ n fl To) rx (X^n, fib,n)- Now, by Remark 1.3.(3) this action is ergodic and profmite 
(since the action To (X, fi) is ergodic and profmite). Corollary 1.5. thus implies that 
for all b G X n , we can find AT (7, b) > n such that the map x 1— > 102(7, ^) is constant 
on Xb' 5 Ar( 7) 6), for all b' G X/v( 7 ,6) such that -X"6',jv(7,&) C X& >n . It is now clear that the 
claim holds true for AT (7) = maxt 6 x„ AT(7, b). 

Next, if we let T n = n ae x n T a ,n, then Part 5 gives that the maps x — > ^2(70, x) are 
constant on X bjn , for all 6 G X n and all 70 G T n fl r . Since [Tq : (T n fl T )] < 00 and 
r/r is finitely generated we can find 71, 7 m G T such that T is generated by T n nr 
and 71, ..,7 m . Let N = max i= Y^ Nfai), then the maps x — > 102(7,2;) are constant on 
A\at, for all b G Xat and for all 7 G £ := (r a , n n T ) U {71, .., 7 m }. 

Finally, let g G T, then since £ generates T we can find gi,..,gi G 5 such that 
(7 = g\g2---9i- By the cocycle identity we have that a.e. x £ X 

(SI.) w(g, x) = w(g u (g2--9i)x)w(g 2 , (g 3 ...gi)x)...w(g h x) 

Let b G X N and 2 < k < I. Then (g k g k+1 ..gi)X bjn = X {gkgk+1 __ gi)bjn and since ^-1 e 
S, the above implies that the map X^jv 3 £ — > w 2 (gk-i, (gkgk+i--gi)x) is constant. 
Combining this fact with identity (3.f.) we get that the map X b ,N 3 a; — > W2(g,x) is 
constant on X^jv, for all 6 G Xat. ■ 

3.1. Remarks. (1). Note that in the above proof we do not use the full strength 
of the relative property (T) of the inclusion r C 17 In fact, notice that in order to 
untwist w we only use relative property (T) for the specific representation n arising 
from the action V r^ a X x X x A. 

(2) . We remark that Theorem B in combination with Popa's cocycle superrigidity 
result ([P2]) leads to examples of cocycle superrigid actions which are neither profmite 
(as in Theorem B) nor Bernoulli (as in [P2]). For this, let T, r and T rx a X be 
as in Theorem A. Let V rx p Y = [0, l] r be the Bernoulli shift action (where [0, 1] is 
endowed with the Lebesgue measure). Finally, let w : V x (X x Y) — > A be a cocycle 
for the diagonal product action a x p with values in a countable group A. Then there 
exist n such that w is cohomologous to a cocycle w' : V x (X x Y) — > A of the form 
w' = w" o (id x s n ), for some cocycle w" : V x X n — > A, where s n : X x Y — > X n is 
given by s n (x,y) = r n (x). Indeed, by Theorem 5.2. in [P2], w is cohomologous to a 
cocycle which only depends on the X-variable and then Theorem B gives the claimed 
conclusion. 

(3) . Recently, S. Coskey used Theorem B to prove that the isomorphism and quasi- 
isomorphism problems for the p-local torsion-free abelian groups of rank n have incom- 
parable Borel complexities, for every n > 3 ([Co]). 

§4. Proof of OE superrigidity. 
In this Section we prove a more general version of Theorem A. To state it, we need to 
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review some more terminology (see, for example, Section 1 in [P2]). Let TZ be a count- 
able measure preserving equivalence relation on a standard probability space (A, n) . 
Recall that every such equivalence relation is of the form TZr = {(x, 1%) \x G A, 7 G T}, 
for some measure preserving action Y rx X of a countable group T ([FM]). Hereafter, 
we will refer to the equivalence relation TZr as the equivalence relation induced by the 
action Y rx X. 

Now, assume that TZ is an ergodic equivalence relation and let t > 0. On I=IxN, 
endowed with the measure p, = fx x c (where c is the counting measure on N) , consider 
the equivalence relation TZ given by (x,i)TZ(y, j) •<=>- x7?.y. Let 7 C I be a set of 
measure fi{Y) = t and define TZ Y = TZn(Y xY) (the restriction of ft to Y"). Then ft y 
is a countable equivalence relation on Y preserving the probability measure 
Moreover, its isomorphism class, denoted ft* (in words: the t-amplification of ft), 
only depends on t and not on the choice of Y. 

Also, we say that 9 : TZ — > 5 is an orbit equivalence (or isomorphism) between 
two countable measure preserving equivalence relations TZ, S on (X,n) and on (Y, u), 
respectively, if 9 : X — > Y - is a probability space isomorphism such that 6* is a bijection 
between the ft-orbit of x and the 5-orbit of 9(x), a.e. x G X. Finally, we recall that 
the full group of a countable measure preserving equivalence relation TZ on [X, fx) , 
denoted [TZ], consists of the automorphisms r of X such that r(x)TZx, a.e. x £ X. 

4.1. Theorem. Let Y r^ a X be as in Theorem A. Suppose that a is the limit of the 
actions Y rx an X n , with X n finite, and, for every n, let r n : X — > X n be the quotient 
map. For every n and a G X n , denote X a ^ n = r~ 1 ({a}) and Y a ^ n = {7 G Y\^X a ^ n = 

X a ,n}- 

Let A r\P Y be a free ergodic measure preserving action of a countable group A on 
a standard probability space Y and let 9 : TZr — > TZ\ be an orbit equivalence, for some 
t > 0. Then we can find n, a G X n , a finite index subgroup Ao of A, r G [TZa] and 
a group isomorphism ip : Y ajn — > Ao such that Yq = (r o 9){X a ^ n ) is a Ao-invariant 
set and (r o 6)\x a „ : X a ^ n — > Yq conjugates the actions Y ajn rx X a ^ n and Ao cx Yq. 
Moreover, (i(Y ) = [A : A ] _1 , t = [A : A ] _1 [r : r a , n ] G Q and the action A rx Y is 
obtained by inducing the action A rxY to A. 

Proof We first assume that t < 1. Let Y' C Y be a measurable set of measure t and 
let 9 : (X,fx) — > (Y"', t _1 z/|y/) be a probability space isomorphism such that 9(Yx) = 
A9(x) H Y"', a.e. a; G A. For a; G A and 7 G T, let w(^f,x) be the unique (by freeness 
of the A-action) element of A such that 9( r yx) = 1^(7, x)9(x). Then w : Y x X — > A is 
a measurable cocycle. By applying Theorem B we can find n > 0, a G A n , a group 
homomorphism ^ : Y a>n — > A and a measurable map : X — > A such that 

(4. a.) w(7) x) = (p^x^^^x) -1 

for all 7 G r a n and a.e. a; G X a ^ n . 
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Next, let A G A such that fi({x G X a ^ n \(j)(x) = A}) > 0. Since X = hjnX m , we 
can find m > n and b G X m such that Xb t m C X ajU and fx({x G Xt, jm \(f)(x) = A}) > 
(l/2)(i(X b>m ). Define <f>'(x) = (f)(x)\- 1 and ^'(7) = AV>(7)A _1 for all x G X and 
7 G r 0jTl . Thus, if we replace n, a, 0, ifj by m, 6, 0', ip' , respectively, then identity (4. a.) 
still holds true and we moreover have that (jl({x G X ajTl \(j)(x) = e}) > (l/2)/x(X ajn ). 

Let n and a G AT n be as above. To simplify notation, set A = {x G X a>n |0(:r) = e}, 
B = 6>(A), and A = ^(T a , n ). Also, define 6 : X -> F by 0(x) = c^) -1 ^), for all 
x G X, and let Yb = #(^a,n)- Then from (4. a.) and the above discussion we derive the 
following two relations 

(4.b.) 9( r yx) = 4>(^x)~ 1 9(^x) = (j)('yx)~ 1 w('-f, x)9(x) = 

^)<j>{x)- 1 e{x) = V>(7)0(*),V 7 e r a , n , 

a.e. x G X ajn and 

(4.c.) /i(^) > (l/2MX a , n ) 

CZazm i. 0| Xa , ra is 1-1, K^o) =tfi(X ajn ), 

is a probability space isomorphism and Ker (■?/>) = {e}. 

Proof of Claim 1. We first note that if C C X is a measurable set such that 9\ c is 
1-1, then i/(0(C7)) = tn{C). Indeed, if C A = {x G = A}, then C = U A6 aC a and 

#(C) = U AeA A#(C A ),thus 

u(9(C)) = "(M(Cx)) = "(Wx)) = t f(Cx) = tfi(C). 
AeA AeA AeA 

Next, since B = 9(A) = 9(A) C Y , we get that u(Y ) > v(B). Since v(B) = tfi(A), 
relation (4.c.) implies that v(Y ) > (t/2)/j,(X ajn ). On the other hand, (4.b.) implies 
that the function 

X a ,n 3x^\{ye X a , n \9{x) = 9(y)}\ GNU {+00} 

is r an -invariant. Since the action Y a ^ n rx (X a ^ n , fi a ,n) is ergodic (by Remark 1.3.(3)), 
we can find k > 1 such that \{y G X a ^ n \9(x) = 9(y)}\ = k, a.e. x G X a ^ n . 

If k > 2, then we can find two disjoint measurable sets Z\, Z2 C X a n such that 
9(Zi) = Y Q and 0^ is 1-1, for i G {1, 2}. Indeed, note that on one hand the above gives 
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that \9\x a n ({y})\ > 2, a.e. y E Y , while, on the other hand 9~ 1 ({y}) C F9~ 1 (y), a.e. 

y EY (here we use the definition of 9 and the fact that 9(Tx) = A9(x)(~)Y' , a.e. x E X). 
Thus, a.e. y E Yq, we can find 71,^,72,^ E V (depending measurably on y) such that 

ii, y 0~ 1 {y),i2, y 0~ 1 {y) e ^x a ,„(M)- In this then clear that z < = {7i,^ _1 (y)|y e r }, 

z = 1, 2, verify the desired conditions. However, by the first part of the proof of this 
claim we would get that [i(Z{) = n(Z 2 ) = {l/t)v{Yo), thus 

V{X a ,n) > H(Z!) + fJL(Z 2 ) = (2/t)u(Y ), 

a contradiction. Therefore k must be 1, hence 9\ x is 1-1. 

For the last part, let 7 E Ker(ip). Then by identity (4.b.) we get that 9(^x) — 9(x) 
a.e. x E X a ^ n . Since 6 is 1-1 on X a ^ n , it follows that ^x = x, a.e. x E X a;U and since 
T acts freely on X, we must have 7 = e. □ 

Claim 2. A is a finite index subgroup of A. 

Proof of Claim 2. To prove this, we use an argument from Section 5 in [Fu4]. 
Let A E A such that v{B n X~ X B) > 0. We claim that A E A . To this end, let 
y E B fl A _1 S. Then we can find x\ 1 x 2 E A C X a n such that 9{x\) = y and 
9(x 2 ) = Xy, thus 6>(x 2 ) E A9(x 1 ) n B C A9(x 1 ) n 0(X a>n ). Using the hypothesis we 
have that 

9{T a , n x) = 9(Fx n X a , n ) = 9(Tx) n 0(X«, n ) = A0(x) n 0(X a ,„), 

a.e. a; G X a n . Thus, we can find 7 G T a n such that #(#2) = 0(7#i) and since 9 is 1-1, 
we derive that x 2 = 7x1. Further, using (4.b.), we get that 

9(x 2 ) = 9(x 2 ) = ~9{ 1Xl ) = HlW(xi) = HlMxi) 

and since we also have that 9(x 2 ) = X9(xi) freeness of the action of A on Y implies 
that A = ^(7) G A . 

Finally, if we assume that [A : Ao] = 00, then we can find Ai,A2,... G A such 
that Xi~ Xj <£. Ao for all i 7^ j. The above then implies that v(XiB fl XjB) = v{B fl 
X i ~ 1 XjB) = whenever i ^ j. Thus, since XiB C Y, for all i, we get that n(Y) > 
^2i>i viXiB) = J2i>i U {B) = a contradiction. □ 

Claim 3. A y = Ay fl Y , a.e. y E Yq. 

Proof of Claim 3. By the hypothesis and the fact that 9(A) = £?, we deduce that 



(4.d.) 



9(Tx n A) = A9(x) n B 
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a.e. x G X a ^ n . On the other hand, if x, 72; G A C X a n , for some 7 G T, then 7 G r a n 
and #(72;) = 9(~/x) = ip(^y)9(x) = ip('y)9(x), thus 9(^x) G A o 0(x). Altogether, we get 
that 

(4.e.) 9(Tx f] A) c A 9(x) f] B 

a.e. x e A. Combining (4.d.) and (4.e.) we get that A Q 9(x) flBD A9(x) H S, a.e. 
x E A, thus 

(4.f.) A y n B = Ay n 5 

a.e. y E B. Next, note that by (4.b.) and Claim 1, the actions 

T ajn r> (X a>n , n\ Xa in /v(X a>n )), A rx (y , v\ y Jv{Yq) 

are conjugate. In particular, the action of Ao on Yq is ergodic. 

Now, let y G Yq. Since A y C Ay D Y (Yd is A -invariant) , to prove the claim we 
only need to show that if A G A is such that Xy G Yq, then A G Aq. Since B C Yq is 
of positive measure and Ao acts ergodically on Yq we can find Ai, A2 G Ao such that 
Xiy, A2(Ay) G -B. This implies that (A2A)?/ G A(Aiy) fl £? and since Aiy G B, relation 
(4.f.) gives that we can find A 3 G A such that (A 2 A)y = A 3 (Aiy). Finally, the freeness 
of the action of A on Y implies that A2A = A3A1, hence A = A2 _1 AaAi G A . □ 

We can now finalize the proof in the case t < 1. Firstly, observe that by Claim 
1, T ' = 6 9' 1 : (P(X atn ),v\ e (x ain )) -»• (Yq,v\y ) is a probability space isomorphism 
with the property that r'{y) G Ay, a.e. y G 9(X a ^ n ). Since A acts ergodically on 
Y, we can find r G \R*p\ such that r' = T~\e{x an )- Then by formula (4.b.) we get 
that Yq = (r o 0)(X Ojn ) is a Ao-invariant set and that r o 9\x a „ conjugates the actions 
r a>n r\ A" ajn and A r% Y - 

Secondly, notice that since A acts freely on Y, then by Claim 3 we get that v{XYq fl 
Yq) = if A G" A . On the other hand, since the action A rx Y is ergodic, we 
get that Y = UasaAYo, a.e. By combining these two observations, it follows that if 
Ai, .., Afc G A are such that A = U^ =1 XiAo, then Y is the disjoint union of A1Y0, AfcY). 

Thus v{Y) = YX=i vi X i Y o) = t A : A oH Y o), hence v{Y ) = [A : Ao]" 1 . Also, by Claim 
1, v{Yq) = t/j(X a:n ) = t[T : r^]- 1 . Altogether, we get that t = [A : Aq}- 1 ^ : r o>n ]. 

Using again the fact that Y is the disjoint union of AiY , ••) A&Yo, it is easy to see 
that the action A rx Y is obtained by inducing the action A rx Yq to A. 

In the case t > 1, we first remark that if 9 : X — > Y is an orbit equivalence between 
two equivalence relations TZ and 5, then the restriction of 9 to a set C X of 
measure s induces an orbit equivalence between 71 fl (Xq x X ) and S s . Thus, if n > 
is such that |X n | > £, then the restriction of 9 to X ain (for some a G X n ) induces 
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t \X I 

an orbit equivalence between TZr H (X a ^ n x X a>n ) and 7£ A ™ • On the other hand, 
^ r n (X a>n x is precisely the equivalence relation induced by the free ergodic 

profinite action r a n rx X a ^ n . Note that this action trivially verifies the hypothesis of 
Theorem 4.1. Since we also have that t|X n | _1 < 1, the first part of the proof gives the 
conclusion in this case. ■ 

§5. Applications. 

We derive in this Section several consequences of Theorem 4.1. To start with, we give 
a construction of a concrete uncountable family of non-orbit equivalent profinite actions 
for SL n (Z) (n > 3) as well as for its finite index subgroups. To this end, fix n > 3 
and a finite index subgroup V C SL n (Z) and remark that since SL n (Z) has property 
(T), T also has property (T) ([K]). For every m > 1, denote SL n (mZ) = ker(SL n (Z) — > 
SL n (Z/mZ)). Let / = {pk}k>i be an infinite increasing sequence of prime numbers. 
For all k > 1, define 

r /)fc = r n SL n (pip 2 -Pfc^) 

and let ai be the measure preserving profinite action V rx (X/, /ii) := ^m^T/T^k, A*fc), 
where fik is the counting probability measure on T/Ti t k- Since flfc>i SL n (pip2..pk%) = 
{1}, we have that ctj is free and ergodic. Next, we show that (essentially) different sets 
of primes I\ and I2 give to non conjugate (not even "virtually" conjugate) actions ai 1 
and ai 2 . When combined with Theorem 4.1., this implies that the actions ai 1 and ai 2 
are not stably orbit equivalent. 

5.1. Proposition. Let I\ = {p\}k>i and I2 = {pt}k>i be two infinite sequences of 
primes and let Ti,r2 C V be two finite index subgroups. For j G {1,2}, let (Yj,Vj) C 
(Xj. , hi, ) be an ergodic component for the restriction of ai j to Fj . If the actions 
Y\ rx (Yi, v\) and T 2 rx (Y2, V2) o,re conjugate, then I/1A/2I < 00. 

Proof. Assume that the actions i\ rx (Yi, u{) and T 2 rx (Y 2 , h> 2 ) are conjugate. We 
will prove that \I\ \ /2I < 00. Similarly, it follows that \l2 < 00, thus giving the 
conclusion. Note first that it is easy to see that for j e {1, 2}, the action Tj rx (Yj, Vj) 
is isomorphic to the action 

T 3 rx^mT J /[T J nSL n (p{..piZ))]. 

Thus, by applying Lemma 1.8. we can find a group isomorphism 6 : Ti — > T2 and two 
subsequences {rifcjfc, {Nj~}k such that 

(5.1.a.) 5(rx n SL n (^..^ fc Z)) c T 2 n SL n (p?..p^Z),VA; 

Next, we need the following lemma, whose proof, although standard, we have included 
below for completeness. 
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5.2. Lemma. Let n > 3 and Y, A C SL n (Z) be two finite index subgroups. Assume 
that 5 : Y — > A is a group isomorphism. Then there exists an invertible matrix A G 
M n (Z) smc/i <fcat ezi/ier (i) 5(7) = A7A- 1 , /or a// 7 G T, or (ii) 5(7) = Afr -1 )^ -1 , 
/or a// 7 G r. 

Going back to the proof of Proposition 5.1., apply Lemma 5.2. to the group isomor- 
phism 8 :Y\ — > r 2 . Thus, we can find A G M n (Z) invertible such that, after eventually 
replacing Y\ with Y\ = {7^7 G Ti}, we have that for all k 

(5.i.b.) A[rx n SL n ( P }..^ fc z)]^- 1 c r 2 n SL n (p?.. P ^ fc z) 

Let / be the largest number such that pf | det A. Then for all /c > / we have that 
(5-l.c.) A- 1 $L n (p 2 1 ..p 2 Nk Z)A n SL n (Z) c SL n (pf +1 ..p 2 N Z) 

By combining (5.1.b.) and (5. I.e.) we deduce that 

Y 1 n SL n (p}..^ fc Z) c SL n (^ +1 ..p^Z),V/c > /. 
This further gives that 

(5.1.d.) [SL n (pl..pi fc Z) : (SL n (pl..pi fc Z) n SL n (pf +1 ..p^ fc Z))] < 

[SL n (p}..^ fe Z) : (SLnCpJ.-p^Z) nrO] < [SL n (Z) : I^V* > /• 

Now, for every k > /, define P^ = {p\, ..,j)J,J \ Then it is easy to see 

that (5.1.d.) is equivalent to 

(5.1.e.) J] |SL n (Z/pZ)| < [SL n (Z) : r^VA; > / 

peP k 

Since limp^oo |SL n (Z/pZ)| = +00, by using (5. I.e.), we get that we can find A" G N 
such that 

Finally, since h\I 2 C U fc>z ({p{, ..,p* fc } \ {pf +1 , -,P 2 N k }), we get that \h \ I 2 \ < 00. ■ 

Proof of Lemma 5.2. Since Y and A are finite index subgroups of SL n (Z), they are 
lattices in SL n (R). Also, since n > 3, Mostow's rigidity theorem (see [Z], for example) 
implies that 5 extends to an automorphism of SL n (R). Thus, we can find A G SL n (R) 
such that either (i) 5(7) = A^A' 1 , for all 7 G SL n (R), or (ii) £(7) = A(7 -1 )*A -1 , for 
all 7 G SL n (R). Next, if we denote r = {7 G r|7* G T}, then r C SL n (Z) is a finite 
index subgroup and in any of the above cases we have that AY G A~ X C SL n (Z). 
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Since any finite index subgroup of SL n (Z) (n > 3) is a congruence subgroup, we can 
find m > 1 such that SL n (mZ) C r . In particular, we get that Aei^A~ l G M n (Q), 
for all z 7^ j, where e^j denotes the elementary matrix (eij)k,i = 8(i,j),(k,i)- Thus, 
if A = (aij)i<ij< n and A -1 = (bi,j)i<ij< n , then we deduce that a k ,ib jy i G Q, for 
all 1 < i,j,k,l < n with % ^ j. Let h,fo,k3 such that bju ^ 0, for j G {1,2} and 
a fc 3 ,3 7^ 0. Thus, afc^ G Q&f; , for all 1 < k, % < n with i ^ 1 and a^j G Qfcf; , for all 
1 < k,i < n with i ^ 2. Since we also have that a^^bi^, afc 3) 3&2,z 2 G Q and afc 3: 3 ^ 0, 
we deduce that Qb^] i = Qb^] 2 - Altogether, it follows that we can find b ^ such that 
a-k,i G Q& -1 , for all 1 < k,i < n, hence by replacing A with bA we can assume that 
A = (ai,j)i< t ,j<Ti G SL(n 7 Q). Finally, let s G N such that sa^j G Z, for all 1 < z, j < n 
and replace A with sA. ■ 

Recall that two ergodic actions V r\ (X, fi) and A r\ (Y, u) are called stable orbit 
equivalent if there exists an orbit equivalence 9 : TZt — > 7?.^, for some t > 0. In the 
case t = 1, we say that these actions are orbit equivalent. 

5.3. Corollary. Let n > 3 and let T C SX n (Z) 6e a finite index subgroup. Let I\,l2 
be two infinite increasing sequences of prime numbers such that |i"i A.Z 2 1 = oo. Then 
the actions oli x and ai 2 are not stable orbit equivalent. In particular, if {It}teR ^ s a 
family of infinite increasing sequences of prime numbers such that |/ s Ait| = oo, for all 
s 7^ t, then {ai t }teR ^ s an uncountable family of non stable orbit equivalent profinite 
actions of Y . 

Proof. Assume that the actions oli x and ctj 2 are stable orbit equivalent. Note that 
ai 1 is an ergodic, profinite action of a property (T) group ([K]). Thus, Theorem 4.1. 
implies that we can find two finite index subgroups Fi, T2 C T and ergodic components 
Yj C Xi for Tj, for all j G {1,2}, such that the actions Ti rx Y\ and 1?2 rx Y2 are 
conjugate. Proposition 5.1. then gives that | Ji A./2 1 < 00. ■ 

5.4. Remarks. (1). Note that the first construction of an uncountable family of non 
stable orbit equivalent profinite actions for SL n (Z) was obtained by S.L. Gefter and 
V.Y. Golodets ([GG]) as a consequence of Zimmer's cocycle superrigidity result ([Z]). 
Later on, S. Thomas proved that the actions from [GG] moreover produce equivalence 
relations which are incomparable with respect to Borel reducibility ([T]). 

(2). Recently, N. Ozawa and S. Popa showed that the Corollary 5.3. also holds true 
n = 2, i.e. every finite index subgroup V of SL 2 (Z) (e.g. V = F m , 2 < m < 00) admits 
uncountably many non orbit equivalent profinite actions ([OP]). 

Next, we indicate how to construct non orbit equivalent profinite actions for the 
groups SL n (Z) K Z n (n > 2). To do this, we first introduce a new isomorphism invariant 
for measurable equivalence relations. Note that in [P5], S. Popa studied a related 
version of this invariant for actions of countable groups on the hyperfinite Hi factor. 
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5.5. Definition. Let 1Z be a countable ergodic measure preserving equivalence rela- 
tion. Then we let S(1Z) be the set of t > such that 1Z 1 is induced by a free ergodic 
measure preserving action of a countable group. 

5.6. Remarks. (0). We gather in this remark a few elementary properties of the 
iS-invariant. By definition, we have that S(TZ t ) = S(1Z)/t, for all t > 0. Moreover, if 
t G S(TZ) and n > 1 is an integer, then nt G S(7Z). Indeed, let 7Z be an equivalence 
relation induced by a free ergodic measure preserving action V rx (X, (i). Then 7Z n 
can be realized as the equivalence relation induced by the product action V x Z n rx 
(X x Z n , fx x c), where c is the normalized counting probability measure on Z n and 
Z n acts on itself by group multiplication. Also, note that if ^(TZ) = {t > 0|7?.* ~ 7Z} 
denotes the fundamental group of 1Z and if t G S(7Z), then tJ-'iTZ) C S(7Z). Finally, if 
7Z is an ergodic hyperfinite equivalence relation, then S(7Z) = 

(1) . Feldman and Moore asked whether every countable ergodic measure preserving 
equivalence relation is induced by a free action of a countable group ([FM]). This 
question was answered in the negative by A. Furman, who showed that if n > 3, then 
the equivalence relation 1Z induced by the action SL n (Z) rx T n satisfies S(1Z) C 
([Fu2]). 

(2) . More examples of such equivalence relations arise from the work of S. Popa who 
showed that the equivalence relation 1Z induced by a Bernoulli action of a property 
(T) group or of a product of two groups, one infinite and one non-amenable, satisfies 
S(1Z) = W ([P2,3]). Even more surprising, there are equivalence relations 1Z such that 
S(K) = Q> ([Fu2],[P2]). 

The following result is a direct consequence of Theorem 4.1. 

5.7. Corollary. Let V rx a X be as in Theorem A and let TZr be the equivalence 
relation induced by a. Suppose that a is the limit of the actions V rx an X n , with X n 
finite. Then S{1Z T ) = {m/\X n \ \m, n > 1} C Q* + . 

Proof. Let t G S(7Zr). Thus there exists a free ergodic measure preserving action 
of a countable group A such that 7Z^ = 7Z\. By applying Theorem 4.1., we get that 
t = [A : A ]/|A n |, for some n and some finite index subgroup A of A. This shows that 
S(TZr) C {m/\X n \\m, n > 1}. For the other inclusion, note that by Remark 5.6.(0). we 
only need to show that l/|A n | G S(TZr), for all n. This is clear, since for any a G X n , 
the restriction of TZr to X a ^ n (which has measure l/|A n |) is induced by the action 

Ta,n ^ A a n . H 

It is natural to ask to characterize the subsets of which can appear as the S- 
invariant of a measurable equivalence relation 7Z. Next, we specialize Corollary 5.7. to 
some concrete actions of SL n (Z) x Z n (n > 2) and deduce that the invariant S(1Z) can 
equal Q!j_ as well as many interesting arithmetic sets. 

Fix n > 2. Let J = {di}i>i be a set of integers such that di < di + i and di\di + i 
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(equivalently, such that dj+iZ C <ijZ), for all % > 1. Notice that, for every z > 1, the 
subgroup (<iiZ) n of Z n is left invariant by the action of SL n (Z). Thus, following 1.6. we 
can construct an ergodic profinite action SL n (Z) ix Z n r>^ J fim (Z/(i 7 ;Z) n . This action 
is also free. Indeed, we have that n^c^Z)™ = {0}. Also, if A G SL n (Z) \ {/}, then 
G 7h n \Ax = x} is an infinite index subgroup of Z n and thus Lemma 1.7. implies 
that f3 j is free. 

Moreover, for any set J as above, the action f3j satisfies the assumptions of Theorem 

5.7. This is true since for all n > 2, the pair (SL n (Z) k Z n ,Z n ) has relative property 
(T) ([K]), SL n (Z) is finitely generated and the restriction f3j^ n is ergodic. 

5.8. Corollary. Let J be a set of integers as above and denote by TZj the equivalence 
relation induced by (3j. Then SiTZj) = {k/d™\k,i > 1}. In particular, S(TZj) = Q!j_ 
for some set J . Also, if J\ = {d\ }i>\ and J2 = {df }i>i are two sets as above such 
that there exists i with either df J(dp for all j , or d\ /(d 2 , for all j , then the profinite 
actions j3j 1 and (3j 2 are not orbit equivalent. 

Note that Remark 5.5. and Corollary 5.6. provide several examples of actions T rx X 
of property (T) groups V such that S(7Zr) is countable. We prove below that this is 
in fact true for any property (T) group T, regardless of the action V r\ X. The proof 
we give is obtained by assembling together ideas from Section 4 in [P4]. We refer the 
reader to Section 5 in [P6] for the definition of property (T) for equivalence relations. 

5.9. Theorem. Let 71 be a countable ergodic measure preserving equivalence relation 
on a standard probability space (X, y). If 1Z has property (T), then S(IZ) is countable. 

Proof. If t G S(1Z), let Y be a countable group such that TZ 1 is induced by a free 
action of V. Since TZ has property (T), TZ 1 has property (T), hence V has property (T) 
([Ful]). Also, recall that by a theorem of Y. Shalom ([Sh2]), any property (T) group 
is the quotient of a finitely presented, property (T) group. 

Assume by contradiction that S(TZ) is uncountable. Using the preceding discussion 
we deduce that there exists a property (T) group V such that the set S of t > 
for which TZ 1 is induced by a free action of a quotient of V is uncountable. Since 
S is uncountable, after eventually replacing TZ with an amplification of it, we can 
assume that S n (3/4, 1) is uncountable. Let {Xt}te[o,i] be measurable sets such that 
X t C X t > C X and /j(X t ) = t for all < t < t' < I. For every t G S let a t be the 
action of V on Xt (through one of its quotients) such that 

TZH(X t xX t ) = {(i,a f ( 7 )(x)|xGl i , 7 Gr}. 

Extend at to X by letting V act identically on X \ Xt- Next, endow TZ with the 
measure fl(C) = J x \{y\(x,y) G C}\dy(x), for any Borel subset C of TZ ([FM]). For 
every t,t' G S fl (0, 1] let ir t t> : T — > U(L 2 (TZ, jj,)) be the unitary representation defined 

by ' 

-K t ,t>{l){f){x,y) = /(a* (7 1 )(^),«t'(7 ^(y)), 
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for all 7 G T, / G L 2 (ft, A), (x, y) G K. 

Using the property (T) of V as in Section 2 of [Hj], we can find t, t' G 5n(3/4, 1) such 
that t < t' and 7r^/ admits an invariant vector / G L 2 {lZ,fx) with ||/ — IaIIl 2 ^,/;) < 
1/4, where A = {(x,x)\x G A"}. Set 

A := {x G X|3!y = 0(x) G X, |/0r, y)| > 1/2}, 

then, since / is 7r t)t / -invariant, A is a t (r)-invariant. If 

A :={xeX\\f(x,x)-l\ 2 + l/(^?/)| 2 <l/4}, 

y1Zx,yj^x 

then A C A and ^(X \ A )/4 < ||/ - IaIII^^ < 1/16. Altogether, we get that 
n(A) > 3/4. Since the restriction of a t to X t is ergodic and fi(X t ) > 1/2 we deduce 
that X t C A. 

Now, let B = <j>{X t ) = {y G X|3x G X t ,|/(x,y)| > 1/2}, then fi{B) < /j(X t ). 
Proceeding as above, if we denote B := {y G X\\f(y,y) - 1| 2 + Y. y nx, y ^x \ f( x ^y)\ 2 < 
1/4}, then /i(5 ) > 3/4 and since B nl ( C B, we deduce that n(B) > n(X t ) - 1/4 > 
1/2. Moreover, since B is at'(r)-invariant and since the restriction of a t > to X t > is 
ergodic, we get that X v C -B. Thus, jtt(-B) > fi>(X t >) a contradiction to jtt(-B) < n(X t ). 
■ 

§6. Compact and weakly compact actions. 

The aim of this Section is to investigate N. Ozawa and S. Popa's recent notion of weak 
compactness for actions ([OP]) and its relation with the classical notion of compactness 
for actions. Thus, we show that any compact action is weakly compact, that weak 
compactness is an orbit equivalence invariant property and that weak compactness 
passes to quotients. Note that these facts have been obtained independently in [OP] 
(see Propositions 3.2. and 3.4.) As a corollary, it follows that if a is a compact action 
(e.g. profinite) and a is an action which is orbit equivalent to a, then any quotient (3 
of a does not have stable spectral gap, in the sense on [P3]. This extends the main 
result of [ET] in the case of orbit equivalence. We end the Section by giving a new 
characterization of compact actions, in terms of the von Neumann algebras associated 
(Theorem 6.9.). 

6.1. Compact actions. An ergodic measure preserving action Y r\ a (X, fi) is called 
compact (or isometric) if one of the following equivalent conditions holds true (see 
[G] for a reference): 

(i) The closure of Y in Aut(X, n) is compact. 

(ii) The induced unitary representation % : Y — > U(L 2 (X, (j,)) decomposes as a direct 
sum of finite dimensional representations. 
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(Hi) a is of the form V rx (K/L,rh) and is defined by j(kL) = a(^)kL, where K is 
a compact group, L C K is a closed subgroup, m is the projection of the Haar measure 
m of K onto K/L and a : Y — » K is a homomorphism with a dense image. 

Note that every ergodic profinite action is compact. Indeed, if an action Y rx X is 
the limit of actions Y rx X n , with X n finite, then the unitary representation Y rx L 2 X 
is the direct sum of the finite dimensional representations Y rx L 2 X n L?X n _\. 

Next, we introduce some new notation, that we will maintain throughout this section. 
If r rx a (X, fx) is a measure preserving action, then we denote by Y rx a (X xI,/iX|j) 
the double action a = a x a. Also, we denote by r : L X (X, fx) — > C the integral 
with respect to fx. Then r ® id : L l (X x X, fx x fx) — > L l (X, fi) (respectively id <g> r : 
L X (X x X, ji x ji) — > /i)) are the conditional expectations onto 1 <g) ^(X./j) 

(respectively onto L 1 (X, /i) <g> 1). Finally, for every measurable set A C I, we denote 
A = Ax(X\A)cXxX. 

6.2. Weakly compact actions. An ergodic measure preserving action Y rx a (X,fx) 
is called weakly compact ([OP]) if there exist a sequence {r] n } n >i G ^(Ixl^xn) 
of positive vectors with ||?7n|]i = 1 such that 

(i) lim n ^ 00 111^7/nlli = 0, for every measurable set Ad X. 

(ii) lim^oo \ \r) n -r] n o cr(7)||i = 0, for all 7 G Y. 
(Hi) (r ® id)(?] n ) = (id ® r)(r] n ) = 1, for all n > 1. 

The class of weakly compact actions has been introduced by N. Ozawa and S. Popa 
in the course to establishing the following remarkable result: if F m rx a (X, fi) is a free 
ergodic profinite action of a free group F m , 2 < m < 00, then L°°(X, fx) is the unique 
Cartan subalgebra of the crossed product von Neumann algebra L°°(X,ij>) x CT F m , up 
to unitary conjugacy ([OP]). 

6.3. Proposition. An ergodic measure preserving action Y rx a (X, y) is compact iff 
there exist a sequence {?? n } n >i G L X (X x X, \i x 11) of a(Y)-invariant, positive vectors 
satisfying ||?7 n ||i = 1? for all n, and lim n ^ 00 Hl^^Hi = 0, for every measurable set 
A C X . In particular, any compact action is weakly compact. 

Proof. (=>) Assume first that a is compact. Thus, using 6.1. (ii), we can identify 
(X, y) = (K/L,rh) where Y acts on K/L via a homomorphism a : Y — > K. Let d 
be a metric on K/L which is invariant under the left X-action. For every n, define 
A n = {(x,y) G X x X\d(x,y) < l/n}. Then (ji x /j,)(A n ) > and it is routine to check 
that the vectors r\ n = x lA(A-n) verify the desired conditions. 

(<=) Conversely, assume that there exist vectors rj n G L X (X x X, [i x 11) satisfying 
the hypothesis and suppose by contradiction that a is not a compact action. Let Y rx a 
(Y, /f) be the maximal compact quotient of a with the quotient map p : (X, y) — > (Y, v). 
If we denote by tv : Y — > U(L 2 (X, y)) the unitary representation induced by a, then 
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L 2 (Y, v) (viewed as a Hilbert subspace of L 2 {X,p), via p) is precisely the closure of 
the union of all finite dimensional, 7r(T)-invariant Hilbert subspaces of L 2 (X, p). This 
implies (by using the standard identification of L 2 (X x X, p x p) with the Hilbert- 
Schmidt operators on L 2 (X, p)) that if 77 G L 2 (X x X, p x p) is a (j(r)-invariant vector, 
then 77 G L 2 (Y x Y, z/ x v) ([G]). In particular, we derive that 77™ G L X (Y x Y, v x z/), 
for all ?i. 

Next, denote by E : L°°(X,p) -> L°°(Y,zv) and by £ : L°°(X x X, // x //) -> 
L°° ( Y x Y, z/ x z/) the conditional expectations onto L°° (y, z/) and onto L°° (YxF^xi/), 
respectively. We claim that there exists a measurable set A G X such that E(1 A ) > 
(l/6)ly x y. Indeed, since a is ergodic, by Rokhlin's skew product theorem ([G]) we can 
decompose (X, fx) = (Y, z/) x (Z, p), where either Z = [0, 1] and p is the Lebesgue mea- 
sure or Z = {1, 2, .., n} and p = 1/n Y^7=i <^> f° r some ^ > 2 (here we use the fact that 
X^y). In the first case, if we let A = Y x [0, 1/2], then £(1 A ) = = (l/2)ly. 

In the second case, if we let A = Yx{l, .., [n/2]}, then E(1 A ) = ([n/2]/n)l Y > (l/3)ly 
and E(1 X \ A ) = (1 - [n/2]/n)ly > (l/2)l y . Finally, since E(1 A ) = E(1 A )E(1 X \ A ), 
we obtain the claim in both cases. 

To end the proof, just note that the above imply that 

\\ 1 A Vn\\i= l A rj n d(pxp) = E(l A )r] n d(u x v) > 

JXxX JYxY 

(1/6) / Vn d(iy xu) = (1/6)1177,11! = 1/6, Vn, 

JYxY 

in contradiction with our assumption. ■ 

6.4. Remark. We next show (Theorem 6.6.) that the class of weakly compact actions 
is closed under orbit equivalence (see also [OP]). Note that this is not true for the class 
of compact actions. To see this, recall that by Dye's theorem ([Dy]) the profinite (hence 
compact) action Z r\ hjnZ/2 n Z is orbit equivalent to the weakly mixing (hence not 
compact) Bernoulli action Z rx [0, l] z . 

However, if we restrict to compact actions V rx°~ (X, p) of property (T) groups 
r, then this class is closed under orbit equivalence. Indeed, if A r\ a (Y, v) is a free 
ergodic measure preserving action which is orbit equivalent to a, then by [Ful], A 
has property (T), while by Theorem 6.6. below, a is weakly compact. Let 77, G 
L 1 (Y x Y, v x v) be vectors satisfying Definition 6.2. Then 77n G L 2 (Y x Y, v x v) 
forms a sequence of almost invariant vectors for the unitary representation induced by 
a. Since A has property (T), we can find a sequence of a-invariant unit vectors £ n 
such that lim 7l _ ) . 0O \ \r}l/ 2 — Cnlb = 0. Thus, if we denote 77^ = for all n, then 77^ is a 
ct-invariant positive vector with ||?7nlli = 1 and lim^^oo 

I \r]n ~ Vn 1 1 1 = 0- m particular, 
since lim Tl _ ) . 0O ||l y |?7 n ||i = 0, we get that lim Tl _ ) . 00 || 1^7/^1 |i = 0, for every measurable 
set A C X. Proposition 6.3. then implies that a is an isometric action. 
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Note that A. Furman proved that in fact compact actions of property (T) groups 
are OE superrigid , i.e., in the above context, a must be (virtually) conjugate to a 
(personal communication). 

6.5. Lemma. Let Y rx a (X,p) be a weakly compact action and let i] n G L X (X x 
A, p, x p) be a sequence of vectors satisfying the conditions of Definition 6.2. Let G 
Aut(X,p) such that (f>(x) G Fx, a.e. x G X (i.e. G [7£r]j, o,nd denote = x G 
Aut(X x X, p, x p). Then limn^oo \ \q n — r\ n o 0||i = 0. 

Proof. Fix an enumeration {71,72,...} of T. For every i, > 1, let = {x G 
A|0(;r) = 7i -1 ^}, Sfc = U^ =1 (A, x Aj) and A fc = X \ (U^L^). Then for all ra and fc 
we have that 

(6. 5. a.) \\r] n - ls k Vn\\l < ^ ll^iXA^nlll + ||lxxX fc ^n||l + ||lx fe xX^n||l 

l<i^j<k 

Now, condition 6.2. (Hi) implies that ||lxxx fe ^n||i = ||lx fc xx?7n||i = M^fc), for all k. 
Also, for all i 7^ j, we have that | \lAixAjVn\ |i < Hl^^nlli) thus by condition 6.2.(i), 
we get that lim n ^ 00 Hl^xA^nlli = 0. By combining these facts with (6. 5. a.) we get 
that 

(6.5.b.) limsup \\rj n - ls k Vn\\i < 2p(X k ),\/k 

n^oo 

Next, for all n and k, by triangle's inequality we get that 

(6.5.C.) \\rjn -Vn° 0||l < 2\\Vn - ls k Vn\\l + \\^S k Vn - ^S k Vn ° 0||l < 

fe 

2||ry n - ls k Vn\\i + ^2\\Vn ~ Vn cr(7*)l|i- 
i=l 

Since by condition 6.2. (ii). we have that lim n ^ 00 ||// n — i] n o ct(7j)||i = 0, for all i, by 
using (6.5.b.) and (6.5.c.) together we derive that limsup n ^ OG 1 1 77^ — ^ n °0||i < 4/x(A/-), 
for all k. Finally, since p(Xj t ) — > 0, as — > 00, we get the conclusion. ■ 

6.6. Theorem. Let V rx a (X,p,) be a weakly compact action and let A rx a (Y^v), 
r a-' 3 (Z, p) be two measure preserving actions. 

(i) If a is orbit equivalent to a, then a is weakly compact. 

(ii) If (3 is a quotient of a, then (3 is weakly compact. 

Proof, (i). This is an immediate consequence of Lemma 6.5. 

(ii). Let n n G L 1 (X x A, p x p) satisfying Definition 6.2. Let p : (X,p,) — > (Z, p) 
be a T-equivariant quotient map and let E : L 1 (X x A, p x p) — > L 1 (Z x Z, p x p) 
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be the conditional expectation. Then E is integral preserving, thus £ n := E(rj n ) G 
L 1 (y x y, v x v) is a positive vector with ||£ n ||i = 1, for all n. Also, we have that 
H-E^lli < \\r]\\i and E{^rf) = ^E(ri), for all n G L X {X x X,li x (i) and every 7 G T. 
Thus 

||Cn -Cn /3(7) 111 = H-E^n - ?7n O 5-(7))l|l < I K ~ ° ^(t) 1 1 1, 

hence the £ n 's verify condition 6.2. (u). Moreover, if A C Y is a measurable set, then 

Hl^nlll = ||i?(l p ~^)||l < Wl^VnWl, 

thus the £ n 's also verify condition 6.2. (i). Since condition 6.2. (m). is clearly verified, 
we deduce that (3 is weakly compact. ■ 

Let r rx a (A, fx) be a measure preserving action and denote by 7r the induced unitary 
representation of V on L 2 (X, /j,) and by 7r its restriction to L 2 (X, /j) CI. Then we 
say that a has stable spectral gap if the representation n ® 7r does not weakly 
contain the trivial representation (see Section 3 in [P3]). 

6.7. Proposition. Any weakly compact action V r\ a (A, y) on a standard probability 
space X does not have stable spectral gap. 

Proof. Let r\ n G L X {X x X, \x x \i) be a sequence of vectors satisfying Definition 6.2. 
Then i n = V i /2 G L 2 (X x X,/i x y) = L 2 (X, ll)®L 2 (X, ll) form a sequence of almost 
invariant unit vectors for it ® n. Also £ n verify 

(6.7.a.) lim ||l^ n || 2 = 

n^oo 

for any measurable set A C X. For all n, denote by £° (resp. and £ 2 ) the orthogonal 
projection of £ n onto the Hilbert space (L 2 (X,fi) G CI) ®(L 2 (X,li) eCl) (resp. onto 
L 2 (A,//)<g>l and onto 1® (L 2 (X, li)qC1)). Then £° form a sequence of almost invariant 
vectors for 7r <8> tt . Thus, to prove the proposition it suffices to show that HCnlb -» 
as n — > oo. 

Now, fix > 1 and let A 2 , .., be a measurable partition of X such that 
//(A^) = for all i G {1, .., k}. Then (6. 7. a.) easily implies that lim n _ >00 ||^ n — 

(EiLi UixAj^nlb = 0, thus 

fc 

(6-7.b.) lim ||QTUxaJU|2 = 1 

n— >oo ^ — ' 

i=l 

Also, it is easy to check that if j G {1,2}, then 

k 

(6.7-c.) llE 1 ^xA i )ei|2= x/iAiieib 

i=l 
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Since £ n = + for all n, by combining (6.7.b.) and (6.7.C.) we get that 

lim sup n ^ OQ ||^|| 2 > limsu Prwoo ||(Eti U z xaJC\\2 > 1 - 2y/T/k. In particular, for 
k = 5, we get that limsup n ^ 00 ||£°||2 > 1 — 2/^ > 0. ■ 

To give some context for the next result, let A r^ a Y = Z x V be a skew product 
action, i.e. an action given by X(z, v) = (Xz,w(X, z)v), for an action A rx@ Z and a 
cocycle : A x Z — > Aut(F). Then the main result of [ET] says that if V r^ a X is a 
profinite action such that there exists a countable-to-one Borel map 6 : X — > 1" with 
9(lZr) C and if the image of «; in Aut(V) is countable, then (3 does not have stable 
spectral gap. We note below that if we assume that 9 is in fact an orbit equivalence 
between lZ r and IZa, then we ca generalize the above result ([ET]), by removing the 
countability assumption on w. 

6.8. Corollary. Let V r\ a (X, y) be an ergodic compact action. Assume that A r\ a 
(y, v) is an action which is orbit equivalent to a and that A rV 3 (Z, p) is a quotient of 
a. Then (3 does not have stable spectral gap. 

Proof. Just combine 6.6. and 6.7. 

We conclude this Section by giving a characterization of compact actions in the 
language of von Neumann algebras. Let us first recall a few notions (see [P6] for all 
this). Let (AT, r) be a separable finite von Neumann algebra together with a normal, 
faithful trace r. Endow A" with the Hilbert norm \\x || 2 = r^z) 1 / 2 , for all x G N, 
and let L 2 N be the completion of A" with respect to this norm. Let B C Af be 
a von Neumann subalgebra. The quasi-normalizer of B in N, denoted gA/jv(-B), 
is the set of x G N for which there exist x±, X2, .., x n G A" satisfying xB C ^Bxi 
and Bx C J^XiB (see 1.4.2. in [P6]). Then qAf N (B) forms a *-algebra and the von 
Neumann algebra it generates, <jo\/jv (-£?)" , is a von Neumann subalgebra of A" which 
contains B. If qMN{B)" = N, then we say that B is quasi-regular in A" ([P6]). 

Also, we denote by Eb '■ N — > P the conditional expectation onto P and by e# : 
L 2 A" — * L 2 B the orthogonal projection onto L 2 B. Then Jones' basic construction 
for the inclusion B C is denoted by < N, es > and is defined as the von Neumann 
algebra generated by N and es inside M(L 2 N). Note that < N, es > is endowed with 
a natural semifinite trace given by Tr (xesy) — T~(xy), for all x, y G N. 

Next, recall that N has property (H) (Haagerup) relative to B (see definition 
2.1. in [P6]) if there exists a sequence of normal, P-bimodular, completely positive 
maps $ n : N — > N such that r o $ n < r, lim^oo | \<& n (z) — z\ | 2 = 0, for all z E N : and 
$ n is "compact relative to P": for every e > 0, there exists a projection P G< N, es > 
of finite trace such that the bounded operator T$ n G B(L 2 A^) given by T^ n (x) = 3> n (x), 
for all x G A", satisfies ||T$ n (l — P)|| < e. For example, in the case N decomposes 
as a crossed product B x CT T, for an action cr : T — > Aut(P, r) of a countable group 
T, we have that A" has property (H) relative to B iff T has Haagerup's property (see 
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Proposition 3.1. in [P6]). Also, note that in the case B = A relative property (H) 
amounts to property (H) of the single algebra A (see 2.0.2. in [P6]). 

Finally, recall that to every measure preserving action V rx a (A, y) one associates 
the crossed product von Neumann algebra L°°X y\ a F ([MvN]). Roughly speaking, this 
algebra is generated by a copy of L°°(A, y) and a copy of T = {-u 7 } 76 r subject to the 
relations u 7 fu* = f o cr(7 _1 ), for all 7 G V and / G L°°A. Note that L°°X y\ a F is a 
finite von Neumann algebra with the trace r given by t(E 7 / 7 « 7 ) = f x f e d\x and that 
the von Neumann subalgebra generated by {w 7 |7 G T} is isomorphic to the group von 
Neumann algebra LF. 

6.9. Theorem, let F rx a (A, y) be an ergodic measure preserving action. Then the 
following are equivalent 

(a) a is compact. 

(b) L°°A Xo- T has property H relative to LF. 

(c) LF is quasi-regular in L°°A s A a V. 

Proof, (a) =>- (b) Assume that a is compact. Then, as in the proof of 6.3., we 
identify a with the action F r\ K/L, we let d be a A-invariant metric on K/L and we 
set A n = {(x,y) G X x X\d(x,y) < 1/n}, n n = 1a„/(a» x aO(A»)» for all n > 1. For 
every n, let 4> n : L°°A — > L°°A be given by 

M){x)= [ Vn (x,y)f(y)dLi(y),VfeL°°X,xeX. 

Then <p n is a completely positive (since <p n is positive and L°°X is abelian), unital, 
integral preserving map which commutes with a. Thus, <p n extends to a Lr-bimodular 
unital completely positive map $ n : L°°A x CT F — > L°°X x CT T through the formula 

$ n(E 7 A w t) = E 7 0n(/ 7 )« 7 ' where A G L °° X ' for a11 ^ e r. 

Next, we claim that lim n ^oo | |$ n (z) — z| (2 = 0, for all 2; G L°°A x I, or, equivalently, 
that lim n ^oo ||0 n (/) — /H2 = 0, for every / G L°°X. By approximating / (in 1 1.| (2) with 
continuous functions, it suffices to show that if g G C(A), then lim n ^oo | \4> n {g)— g\ |oo = 
0. This in turn follows by using the fact that g is uniformly continuous together with 
the following estimate 

\\<f>n(g) -g\\oo = sup I / r }n {x,y){g{y)-g{x))dLi{y)\ < sup \g{y) - g(x)\. 

xEX JX d(x,y)<l/n 

Finally, to get the conclusion, we only need to show that the $ n 's are compact 
relative to LF. For this, fix n > 1 and e > 0. Next, denote A = L°°A x F and identify 
the Hilbert space L 2 N with L 2 A(g>/ 2 r, in the natural way. Then, in this identification, 
we have that (< A, e^r >, Tr) = (B(L 2 A)®Lr, tr <S>t), where tr is the natural trace 
on B(L 2 A), and Tq> n = T^ n ® 1. Since T^ n G B(L 2 A) is a compact operator (being 
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Hilbert- Schmidt by definition) we can find a finite dimensional projection p G M(L 2 X) 
such that ||T^(1 — p)\\ < e. Thus, if we let P = p <g> 1, then P has finite trace and 
||T» B (l-P)|| = ||T^(l-p)||<e. 

(b) =>- (c) This is a consequence of Proposition 3.4. in [P6]. 

(c) =>- (a) This implication follows from Proposition 6.10. below. ■ 

Before proceeding to the last result of this Section, let us observe an immediate 
corollary of Theorem 6.9.: if V r\ a (X,fx) is a compact action of a group V with 
Haagerup's property then L°°X y\ a Y has Haggerup's property. Assuming that Y has 
Haagerup's property, let ifj n : V — > C be a sequence of positive definite functions such 
that lim n ^ 00 i/j n (l) = 1, for all 7 G T, i^ n ( e ) = 1 an d lim 7 _ >00 ^(7) = 0, for all 
n. Then, in the notation of the above proof, it is easy to check that x n (X] 7 f-y u -y) = 
S 7 i J n(l)4>n(f'y)'u> 1 defines a sequence of unital completely positive compact maps on 
L°°X Xo-T which satisfy lim n ^ | \Xn(z) — z\ (2 = 0, for all z G L°°X >\ a T. In particular, 
this observation gives a different proof of Corollary 3.5. in [Jo2]. 

Note that the next proposition has been obtained in [NS] under the assumption that 
r is abelian. 

6.10. Proposition. Let V (X, fx) be an ergodic measure preserving action. Denote 
by M = L°°X x,j T the crossed product von Neumann algebra associated to a and by 
LY the von Neumann subalgebra generated by the canonical unitaries {w 7 |7 € T}. Let 
T rx a (Y, v) be the maximal compact quotient of a. 

Then qAfM(LT)" = L°°Y xi Q T. In particular, a is compact iff LT is quasi-regular 
in M and a is weakly mixing iff qNM^LT) = LT. 

Proof. Let a G L°°Y such that the linear span H of {70)7 G T} is finite dimensional. 
Since aLT C LTTi and LTa C TILT, we get that a G qMM{LT). As the set of such a's 
in 1 1 . 1 1 2-dense in L°°Y (a is compact), we deduce that L°°Y C qAfM(LT)" . Since we 
also have that LT C qAfM(LT), altogether we get that L°°Y 

Now, if x G qAfM(LT) : then E L oo Y x a r(x) G qN~M(LT). Thus, in order to derive 
the reverse inclusion it suffices to show that if x G M satisfies a; _L L°°y x a T and 
LYx C X^r=i for some xi, X2, •-, x n G M, then x = 0. Note that the proof of this 

fact is based on an argument due to S. Popa (see section 3 in [P7] and the proofs of 
1.1. in [IPP] and 2.10. in [P7]). 

For every e > 0, let f s (t) = l( £i+00 ) (t)t -1 / 2 and define x e = xf £ (ELr(x*x)). Then 
for all e > we have that LTx £ C J^XjLr, x e _L L°°Y x a V and E Lr (x*x £ ) is 
a projection. Moreover, if x e = 0, for all e > 0, then x = 0. From all this we 
deduce that we can assume that q := Elf(x*x) is a projection, or, equivalently, that 
the orthogonal projection onto the closure of xLT equals xcltx*. Denote by p the 
orthogonal projection onto the closure of Lr^Lr. Then we have that p G< M, e^r >, 
Tr(p) < 00, p < 1 — e^r and q 1 := u 7 xeLrx*u* < p, for all 7 G V. 
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Now, let {1 = 770, rjii ■■■> Vn, ••} C M be an ortho normal basis of M over LT and for 
all n > 1, denote / n = J^ILi Vi e LrVi*- Using the Cauchy-Schwarz inequality we get 
that for all 7 G T and every n, 

(6.4.a.) Tr(g) = Tr(g 7 ) = Tr(q jP ) < 

Tr(/ n <? 7 /nP) +2||g 7 ||2,Tr||/nP-p||2,Tr < Tr(/ n Q 7 ) + 2| |g| | 2 ,Tr| \fnP ~ P\ b.Tr, 

where by definition ||:e||2,tv = Tr(x*x) 1 ^ 2 . 

We next claim that for every e > and for all n > 1, we can find 7 G T such that 
Tr(/ n Q 7 ) < e. Note first that 

n n 

(6.4.b.) Tr(/ n g 7 ) = Ti:{r]ie L r'qi*u 1 xe L TX*u 1 *) = ^2\\E Lr (rji*u-yx)\\l 

i=l i=l 

Since x,rji, ..,rj n _L L°°y xi a I, by approximating a; and the r^'s with finitely sup- 
ported vectors (i.e. vectors of the form a 7 "U 7 with a 7 = 0, outside a finite set F C T) 
we can find ai, .., G L 2 X L 2 y such that 

n k 

(6.4.C.) ^ \\E lt {jh*u^x)\\1 <e/2+J2 k (^t(^)) i 2 , V 7 G T 

i=i j,i=i 

Since a is the maximal compact quotient of a and since _L L 2 Y, for all z, we can find 
7 G T such that Yl,ji=i I r ( a i7( a j))| 2 < By combining this inequality with (6.4.b.) 
and (6.4.c), we get the claim. 

To finish the proof of the proposition, let e > 0. Since p has finite trace and 
p < 1 — e^r, we can find n such that \\f n p— p||2,Tr < £ (4| |<z| |2,Tr + l) _1 - The above claim 
gives an element 7 G T such that Tr(/ n <j» 7 ) < e/2. Finally, by using these inequalities 
together with (6.4.b.), we get that Tr(q) < e. Since e > is arbitrary, it follows that 
q = 0, thus x = 0. ■ 
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